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I. INTRODUCTION 


The nonlinear fractional Schrodinger equation 


ie— = e2"(-A)*T + {V{z) + E)^ - /(T) for all G 




{NLS) 


where iV > 2s, e > 0, U, / are continuous functions, has been studied in recent years by 
many researchers. The standing waves solutions of {NLS), namely, ^{z, t) = exp{—iEt)u{z), 
where n is a solution of the fractional elliptic equation 


e^^{—A)'^u + V{z)u = f{u) in 
u G H^{M.^), M > 0 on M^. 


(Pe) 


In the local case, that is, when s = 1, the existence and concentration of positive solutions 


for general semilinear elliptic equations (Pf)- 


studied, for example, by (3 
in 


7 


16|, y, ll9|, l22 


or the case N > 2, have been extensively 


24 


26 


30|], and their references. Rabinowtz 


26| . proved the existence of positive solutions of (F^), for e > 0 small, imposing a global 
condition, 


In 


m 


liminf l/fz) > inf Ufz) = 7 > 0 . 

p|— 

act, these solutions concentrate at global minimum points of U as e tends to 0, c.f. Wang 


30j. del Pino and Felmer in 1^, assuming a local condition, namely, there is an open 


and bounded set A compactly contained in satisfying 


0 < 7 < ho = inf 1 /( 2 ;) < min V{z), 

zGA z€dA 


(^1) 


established the existence of positive solutions which concentrate around local minimum of 
V, by introducing a penalization method. 

In [^, del Pino, Felmer and Miyagaki considered the case where potential V has a saddle 
like geometry. They assumed that V is bounded and V G verifying the following 

conditions: Fixed two subspaces X,Y C such that = X (BY, dehne cq, ci >0 given 

























3 


by 


Co = inf V(z) > 0 and ci = supi/(x), 

zGM.^ xdX 


satisfying the following geometric condition 


(K) 


Co = inf snp V{x) < inf V{ii). 
■^>0 x&dBulo)nx 


In addition to the above hypotheses, they imposed the conditions below: 


dv a^v 


(V 2 ) The functions V, p- and 


are bounded in for all i,j G { 1 ,A^}. 


(V 3 ) V satishes the Palais-Smale condition, that is, if (xn) C is a sequence such that 
(V(xn)) is bounded and VV(xn) —)■ 0 , then (xn) possesses a convergent subsequence in 


Using the above conditions on V, and supposing that 


2(p-l) 

Cl < 2^+2-p(^-2)co, 


the authors in 


17| showed the existence of positive solutions for (FJ with f(u) = \u\^ 


where p G (2,2*) if iV > 3 and p G (2,+cxo) if = 1,2, for e > 0 small enough. Here 
2* = is the critical Sobolev exponent. 

n 

Motivated by the results obtained in , with the potential V having the same geometry 
as considered in |^, Alves in [l| proved the existence of positive solution result for 
(Pe), not only with / having an exponential critical growth, for N = 2, but also with 
f{u) = \u\'^~‘^u + where q G (2, 2*) and N >3. 

In the nonlocal case, that is, when s G (0,1), even in the subcritical case, there are only few 
references on existence and/or concentration phenomena for fractional nonlinear equation 
P), maybe because techniques developed for local case can not be adapted imediately, c.f. 
27|. We would like to cite 


m 


29| for the existence of positive solution, imposing a global 


condition on V. In [l^ is studied the existence and concentration phenomena for potential 
verifying local condition (Vi), and in [^, 28| a concentration phenomenon is treated near of 
non degenerate critical point of V. 
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By using the same approach as in [ij, we will establish an existence result of positive 
solution for the following class of problem involving critical Sobolev exponents 

e^{—Ayu + V{x)u = X\u\'^~‘^u+\u\‘^‘~'^u in (Pe)* 

where s G (0,1), e, A > 0 are positive parameters, q G (2, 2*), 2* = > 2s, with V 

verifying the above conditions and a relation on the numbers Cq and Ci, given by 

( 1 / 4 ) mA(y(0)) > 2mA(co) and Ci < cq + | (^| - Cq, 

where mx{A) is the mountain pass level of the functional 


^ ./iR-iV Z , 


\u\^dx — — [ lul'^dx —— 

Q Jr^ 2*, 


lur^dx 


dehned in H 


s/jn>N^ 


. It is well known that the equality below holds 


m\(A) = inf < max JAyi(fn) > . 

ueHo{m)\{o} { t>o ’ j 

Using the above notation we are able to state our main result 

Theorem I.l. Assume that iVi) — (V4) hold. Then, there is eo > 0, and A* > 0 independent 
of eo, such that {Pf)* has a positive solution for all e G (0,eo] and A > A*. 

The proof of Theorem [hT] was inspired from [l| and [^, however since we are working with 
fractional laplacian, the estimates for this class of nonlocal problem are very delicate and 
different from those used in the local problems. We minimize the energy function constrained 
on the Nehari manifold, and to this end, we modify the barycenter properly for our problem 
We recall that, for any s G (0,1), the fractional Sobolev space is dehnied by 

{u{x) - u{y)y 


H 


sfTn>N\ 


= < n G L 




): 


/r 2 ^ 


k - y\ 


N+2s 


dx dy < 00 >, 


endowed with the norm 




= U 


+ 


{u{x) - u{y)y 


dx 


1/2 


' J^2N | x - 2 /|^+ 2 " 

The fractional Laplacian, (—A)®m, of a smooth function u : —)■ M is dehned by 
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where denotes the Fourier transform, that is, 

1 


nm) = 


e dx = 


(27r) 2 J^N 

for functions 0 in the Schwartz class. Also {—A)^u can be equivalently represented 
Lemma 3.2] as 


18 




where 


C{N,s) = { 


(1 - cos^i) 


lel 


V+ 2 s 


dO , e = (6,6,---,e7v). 


Also, in light of 18|, Propostion 3.4,Propostion 3.6], we have 






L2(RJV) 


\C\'^^\u\‘^dC = l-C{N,s) [ dxdy, for all m G iL*(M^), 


|x - y\ 


(I.l) 


and, sometimes, we identify these two quantities by omitting the normalization constant 


C{N,s). For N > 2s, from m Theorem 6.5] we also know that, for any p G [2,2*], there 


exists Cp > 0 such that 


\u 


LP{R^) A C'p||'f^||_H''>(R^); for all u G iL®(R^). 


The best Sobolev constant S is given by (see jl4| ) 


^ JR2iv \,,_y\N+2s u,xay 

ueH^'S^)\{0} \u\^tdx)^ 


which is attained by 


xo(a;) = 


(02 + |x — Xop) 2 
where c, 0 > 0 are constants and Xq G hxed, and 


- 2 b ) ^ ^ 


nN 


( 1 . 2 ) 


i/*(M^) = {m G G L'\R^)}. 




Before to conclude this introduction, we would like point out that using the change 
variable v{x) = u{ex), it is possible to prove that (P^) is equivalent to the following problem 

{—Ayu + V{ex)u = f{u) in R^, (PJ' 













6 


where 


f{t) = + VteM. 

In the present paper, we denote by 4 the energy functional associated with (PJ' given 


by 


lAu) = ^ [ ^ f I^(ex)|ri|^ dx — — f \u\‘^dx 

^ Q ilRJV 


2 Jrjv 2 j 

for all u G It is standard to prove that 4 G 


2 ^ 




with Gateaux derivative 


I'Ju)v = / / V(ex)uvdx — X / ImI'^ ‘^uvdx — / IriP® "^uvdx 

JRJV dRiV iRiV 

for all u,v & This way, m G is a weak solution for (P^)' if, and only if, u is 

a critical point for 

Notation: In this paper we use the following notations: 

• The usual norms in and P^(M^) will be denoted by | . |t and || || respectively. 

• C denotes (possible different) any positive constant. 

• Br{z) denotes the open ball with center at z and radius R. 


II. TECHNICAL RESULTS 

The next lemma is a Lions Lemma type result which can be adapted to our case, see 
Proposition 11.3]. 

Lemma II.I. Let {un) C he a sequence such that, 

if there is R> 0 such that 


then 


lim sup / \unf dx = 0, 

n^+oo Jbii(z) 


lim / |ti„|^da; = 0, VgG(2,2* 

n—>-+00 /mjv 


As a consequence of the above lemma, we have the following result 
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Corollary II.1. Let (un) C be a {PS)c sequence for 4, that is, 

h{un) C, and I^(un) 0, 

with 0 < c < s)S)^P^ and Un 0. Then, there exists (z„) C with \zn\ +oo 

such that 

Vn = Un{- + Zn) ^ V ^0 in 

Proof. We claim that for any R > 0, 

lim sup / \un\‘^ dx > 0. 

n^+oo^gjgjv Jbii{z) 

Otherwise, there is i? > 0 such that 


lim sup / lunl"^ dx = 0. 

n^+oo^gjgjv Jbii{z) 


Hence, by Lemma fII.il 


lim / \un\^ dx = 0, gG(2,2*). 

n^+cxD /„jv 


Since 0 < c < j^{2 ^C{N, arguing as in I 2 I, Lemma 3.3] for local case, |29| 

3.4] for nonlocal case, the last limit combined with = o„(l) gives 


Lemma 


Un^O in 

implying that 

h{Un) 0 , 

which is a contradiction, because by hypotheses Riun) —)■ c > 0. Thereby, for each i? > 0, 
there are (zn) C M^, r > 0 and a subsequence of («„), still denoted by itself, such that 

I \un\'^ dx > T, Vn G N. (II-l) 

Setting Vn = Un{- + Zn), we have that (n„) is bounded in Thus, for some subsequence 

of (wn), still denoted by (wn), there is n G such that 


Vn^v in 


( 11 . 2 ) 


'Br{0) 


' dx > T, 


From fill. Ill and flIL2ll . 









showing that n 7 ^ 0. Moreover, (III.ip gives that \zn\ ^ + 00 , because ^ 0 in 


The lemma below brings an important estimate from above involving the mountain pass 
level mA(co), which is crucial in our approach. 


Lemma II.2. There is X* > 0 such that 


for all A > A*. 

Proof. Let w G \ {0}. We know that there is > 0 such that 

hw G Me, = {ue \ {0} : Jle^{u)u = O} , 

that is 

ikir = 

The above equality gives 

t\ —y 0 as A —^ Too. 


As 

we derive that 


mxico) < max Ja,CO (tty) < 


lx. 

2 


w 


2 


ttiA(co) —)■ 0 as A ^ Too, 


hnishing the proof. ■ 

As a consequence of the last results we have the following corollary 
Corollary II.2. The problem 

(—A)^m T CqM = T in , {P\,oo) 

possesses a positive ground state solution for all A > A*, that is, there is w E such 

that 

J\,co{w) = mx{co) and Ja,co(^) = 0 ^ 


for all A > A*. 
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Proof. The existence of a ground state solution can be obtained repeating the same idea 
found in Alves, Carriao and Miyagaki for the local case, that is, s = 1. By using the 
definition || ||, we have that 

infill < ||^/|| yueH^{R^). 

Thus, if Uq is a ground state solution, 

4 ,co(l“o|)|wo| < Jx,coi'^o)uo. 

From this, there is ti G (0,1] such that fi|Mo| G ATco) so, 

mx{co) < Jx,co{ti\uo\) < Jx,co{uo) = mx{co), 

implying that Ja,co(^i|'*^o|) = "i(co). Using Deformation Lemma, we deduce that fi|tto| is a 
critical point, and so, it is a ground state solution, hnishing the proof. ■ 


The next lemma shows that there is positive radial ground state solution. 

Lemma II.3. If Uq is a positive ground state solution of (Px.oo), then its symmetrization 
denoted by Uq is also a positive ground state solution of {Px,oo)- 


Proof. Denote by Uq the symmetrization of uq. Then, c.f. 25l |. 


\\uo\\ < Ikoll, \uQ\q = \uo\q and |tio| 2 J = l^obj- 
From this, Jx,coi'^o)'^o — 0- Then, there is to G (0,1] such that toUQ G Aicq- Thereby, 

mx{co) < Jx,coitou*o) < Jx,co{u*) = mx{co), 

implying that Jx,co{toUo) = mx{co). The above inequality also ensures that to = 1, otherwise 
we must have 

mx{co) < Jx,coitoU*o) < Jx,coiu*) = mx{co), 

which is an absurd. From this, Ja,co('*^o) ~ ’^a(co)- Now, applying Deformation Lemma, we 
deduce that Uq is critical point, then it is a radial ground state solution. ■ 

The lemma below is a key point in our arguments, because it is a regularity result for 
problems of the type 


{—Ayu + au = X\u\'^ in 

u G HHR^) 


iPx,< 


for A, a > 0 
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Lemma II.4. If u E is a solution of {Px^a), then u G fl 


Proof. In what follows, we will use an approach due to Cabre and Sire , that is, we will 
see the problem of the following way , c.f. ll| . 


{ div{y^ = 0, 


in 


\ 2(1 -s)^ = -av + f{v), on 

where = {(xi, Xn, y) G : y > 0}, A, a > 0 and 

i-2s9v , . 

- — (x) = — hm y T^ix.y). 

^ y^o+^ dy^ ^ 


t)N 


{P: 


\,a) 


Associated with {Pfa)i have the energy functional / : —)■ M given by 

a\v\^ dx — F{v) dx 


/ JmN+i 2 


(11.3) 


where F denotes the primitive of /, that is. 


Fit)= / /(.)d. = A-|^r + -|^r^ VtG 
Jo Q 


and is the Hilbert space obtained as the closure of under the norm 

\Vv\^dxdy+ / a\v\^ dx 


Flips = 

J 

Using some embeddings mentioned in Brandle,Colorado and Sanchez 0 ( see also QQ). 
we deduce that the embeddings 

X^’" ^ LP{R^) for pG [2,2^] 

are continuous, where 2* = Moreover, we know that u is a solution of (Pa, a) if, and 

only if, n = n(x, 0) for all x G M^, for some critical point v of I. 

In what follows, for each L > 0, we set 


VL{x,y) = 


v{x,y), if {x,y)<L 
L, if v{x, y) > L 


Zl = Vjf 'v, 


and 
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with /? > 1 to be determined later. Since I'{v)zl = 0, adapting the same approach explored 
in Alves and Figueiredo jd, Lemma 4.1], we will find the following estimate 


or equivalently, 


|u(.,0)|oo < C|u(.,0)|2J, 


|m|oo < C\u\2l 


Now, fixing M = |ti|oo + 1, we consider the following function 

/ 


Quit) = < 


0 , if t < 0 

+ - I, if 0 > t < M, 

+ Bm, if t > M, 

where Am and Bm are chosen such that qm G C'^(R). It is easy to see that qm has a 
subcritical growth and u is a solution of the problem 

{—A.yu + au = gM{u), in 
u G 

Using the arguments explored in Felmer, Quass and Tan 


(^B\q^m ) 


2l| f see also |23j), we deduce that 


\u{x)\ —0 as |x| —)> + 00 . 

This way, we see that (—A)^u G and so, u G Repeating the same 

arguments found in 20|, Section 2], we also have |Vm| G As u G L^(R^), it follows 

that u G 


Lemma II.5. Under the hypotheses (Ui) — (V4) and X > A*, for each a > 0, there is eo = 
e(A, a) > 0, such that A satisfies the {PS)c condition for all c G {mx{co) + a, 2mx{co) — a), 
for all e G (0, Cq). 

Proof. We will prove the lemma arguing by contradiction. Suppose that there is a > 0 
and Cn 0, such that does not satisfy the (PS) condition. 

Thereby, there is Cn G {rnx{co) + a, 2mx{co) — a) such that does not verify the {PS)c„ 
condition. Then, there is sequence such that 

lim Uyulfi = Cn and lim /' (u”) = 0, 

m—>-+co m^+oo 


(11.4) 
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with 


u^^Un in but Un iu 

Then, for the Brezis-Lieb Lemma yields 

^.n(0 = leAun) + + Om(l) and /'JO = 0^(1). 

Claim II. 1. There is 6 > 0, such that 


(11.5) 


liminf sup 


dx >5, Vn e M. 


m^+oo JBniy) 

Indeed, if the claim does not hold, there is (nj C N satisfying 


lim inf sup / 

m^+oo JBuiy) 


0| dx < -, \/j E N. 


Using the arguments found in [30| and |27|, we deduce that 


Then 


hmsup|n”^|q = ojl), Vg E (2,2*J. 

m^+oo 


limsup / 1"^dx = ojl). 

m—>.+oo Jr^ 


(11.6) 


As I^^{un) > 0 and c < ;^(2 ^C{N, , the above estimate combined with flll.bp and 

{vm)iv^) = Omil) gives 

limsup no J = oJl). 

m—>-+oo 

Now since Um J Un^ in we derive that 

liminf ||nj|p > 0. 

m—>-+00 

Then, without loss of generality, we can assume that (xm) C H^(R^) \ {0}. Thereby, there 
is tm E (0, +oo) such that 

f'^3 f: \f 


verifying 


lim C = 1 and lim /e (CO) = (O)- 

m—>-+oo m—^+oo j m^+oo •? 


From the above informations, there is C E (0,1) such that 


' m \^m J ^ 


co‘ 
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Hence, 


mx{co) < limsup < limsup J, 


m^+oo 


= limsupL «0 < <l±Jll^limsup||<;||", 


m—)-+oo 
loo) 


m—^+oo 


m—>-+oo 


that is, 


mx{co) < Oj{l), 


which is a contradiction. 

From the above study, for each m G M, there is G Id such that 




\<,Sdx > |e„CJ > n, KS<nJ\\ < \ and J - c„| < \ 


In what follows, we denote by (z„) and (tt„) the sequences and {u^^) respectively. 

Then, 




\Un\ dx ^ , |e,2^n| ^ II(^n.) II ^ and |'^en(^?i) ^»^l — 

2 n n 


Claim II.2. ^ 0 m H 


sCfa>N\ 


Indeed, assume by contradiction that there is m G \ {0} such that 


Un^u in 


Using the limit ||/'^(rt„)|| —)■ 0, it is possible to prove that w is a solution of the problem 


{ — Ayu + V{0)u — f{u) = 0 in 


t,N 


Then, the definition of mA(U(0)) together with (V4) gives 


J\,vio){u) > mx{V{0)) > 2mx{co). 


On the other hand, the Fatous’ lemma leads to 


1 


J\,v{o){u) < liminf[4^(M„) - (ti„)] = liminf Ie„{un) = liminf < 2mA(co) - a, 

rx—>- + 00 a 72 ^ + CX) Tl—>- + 00 

obtaining a contradiction. Then , the Claim III.21 is proved. 
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Considering = Un{- + Zn), we have that (wn) is bonnded in Then, there is 

w G such that 

Wn ^ IV in 


Hence, 


'Br{0) 


dx > -, 


showing that w ^ 0. 

Now, for each cj) G we have the equality below 


\i\"Wn^d^+ V{enZn + enZ)Wn(j)dx- / (w^) ^ dx = 0„(1) || 0|| 


which implies that, see 29|, Theorem 3.5], tc is a nontrivial solution of the problem 


{—Ayu + aiu — f{u) = 0 in 


vN 


(11.7) 


where ai = lim V{enZn). Thereby, by Lemma 111.41 w G fl 

n—>-+oo 

For each k there is G C'“(R^) such that 


that is. 


\\4>k — tc|| ^ 0 as A: —)■ +cxo. 


ll^fc - tt'll = Ofc(l). 


Using as a test function, we get 


lC\2s^9(j)k,^ /■ . . d(j)k 

|4l UJn^—d^+ V [e^Z + enZnjWn^::;— 

OXi JjRiV OXi 


dx- f f{Wn)^^dx = On{l). 
Jrn OXi 


Now, using well known arguments, we have that 




and 


f{Wn)^^dx= [ f{w)^^dx + On{l). 
OXi .Un OXi 


Gathering the above limit with flll.7p . we deduce that 


lim sup 

n^+oo 


d(t)k 


{V (^6iriZn T €-nZ') ^{V-nZn)^VJn „ dx 

' OXi 


= 0 . 
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As has compact support , the above limit gives 


lim sup 

n^+oo 


{V{enZn + enz) - V(enZn))w^ dx 

OXi 


= 0 . 


Also since G we have that (^) is bounded in Hence, 


and so, 


lim sup 

n—>-+oo 


lim sup 

n—>- + 00 


{V(enZn + enZ) - Vdx 

dxi 


\ [ (^(en^n + en^) " 

2 Jt^n dXi 


dx 


= Ofc(l), 


= Ofc(l)- 


Using Green’s Theorem together with the fact that (pk has compact support, we hnd the 
limit below 


which leads to 


As 


it follows that 


lim sup 

n—>-+oo 


lim sup 

n—^-\-oo 


■ ^ 

IN dxi 

dV 


^nZn + enZ) (pl dx 


= Ofc(l), 


{^(^nZn) I \4^k\ dx 


= Ofc(l). 


lim sup 

n^ + CXD 


dxi 

\(pk\^ dx ^ / \w\^ dx as /c —)■+cxo, 

Jrn 

dV 


dxi 


\(^nZn} 


= Ofc(l), Vi e {1,A^}. 


Since k is arbitrary, we derive that 


VU(e„2:„) —0 as n —)■ oo. 

Therefore, {enZn) is a {PS)a sequence for V, which is an absurd, because by hypotheses on 
V, it satishes the {PS) condition and {enZn) does not have any convergent subsequence in 

wdN _ 


Denote by the Nehari Manifold associated with A, that is, 

K = {ue H^{R^) \ {0} : A'(n)n = O} . 

Lemma II.6. For X > X* and a > 0, the functional A restrict to Me satisfies the {PS)c 
condition for all c G (m\(co) + cr, 2mx(co) — a). 
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Proof. Let (ti„) be a (P5')-sequence for 4 constrained to Then leiun) c and 

li{Un)=enG[{Un)+On{l), (II. 8 ) 

for some (0„) C M, where —)■ is given by 

Ge{v) := f + f V {ex)\v\‘^ dx — f f{v)vdx. 

JRJV jRiV jRiV 

Notice that G'^{un)un < 0. By standard arguments show that (w„) is bounded. Thus, up to 
a subsequence, G[{un)un —)■ / < 0. If / 7 ^ 0, we infer from (III. 81) that 9n = On(l)- In this case, 
we can use fill. 811 again to conclude that («„) is a {PS)c sequence for 4 in and so, 

{un) has a strongly convergent subsequence. If / = 0, it follows that 

/ {f'{Un)ul - f{Un)Un) dx 0. 

7r^ 

Using the definition of /, we know that 

VteM\{0}. (II.9) 

If M G is the weak limit of {un), the Fatous’ Lemma combined with the last limit 

leads to 

f {f'{u)u‘^ — f{u)u) dx = 0. 

Then, by fill. 91) . m = 0. Applying Corollary III. II there is C with \y„\ —)■ +cxo such 
that 

Vn = Un{-+ Vn) ^ V ^ Q in 


By change variable, 

[ {f'{Vn)vl - f{Vn)Vn) = [ {f{Un)ul - f{Un)Un) dx 0 . 

JR^ JR^ 

Applying again Fatous’s Lemma, we get 

[ ifiv)v^ - fiv)v) dx = 0 , 

Jrn 

which is an absurd, because being v 0, the inequality fill.91) leads to 

[ {fiv)v^ - f{v)v) dx > 0 , 


hnishing the proof of the lemma. 
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Corollary II. 3. If u G is a critical point of restrict to Me, then u is a critical 

point of le in 77* (M^). 

Proof. The proof follows arguing as in the proof of Lemma III.61 ■ 

The next lemma will be crucial in our study to show a lower estimate involving a special 
minimax level, which will be dehned later on. 

Lemma II. 7. Let e„ ^ 0 and (n„) C Me„ such that Ie„{un) m\{co). Then, there is 
(zn) C with \zn\ ^ +00 and Ui G 77*(M^) \ {0} such that 

Un{-+ Zn) ^ ui in 77*(M^). 


Moreover, liminf > 0. 

n—>-+oo 

Proof. Since G A/"e„, we have that J\^cS''^n)un < 0 for all n G N. Thus, there is G (0,1) 
such that tnUn G Mlco- Therefore, 


(tnUn) C Mco and Jx,coitnUn) ^ rnx{Co). 


Now, by [29|, Lemma 5.1], there are (zn) C M^, Ui G 77*(M^) \ {0}, and a subsequence of 
{un), still denoted by (un), verifying 


Un{- + Zn) Ui in 77*(M ). 


Claim II.3. liminf > 0. 

n^ + CXD 

Indeed, as Un G Me,, for all n G M, the function u), = Un{- + Zn) must verify 

[ f V{enX + enZn)\ul\'^ dx = [ f{ul)uldx. 

Jrn Jrn Jrn 

Supposing by contradiction, up to a subsequence, 

lim CnZn = 0. 

77 ^ + CX) 


Taking the limit of n —)■ +cxo in flll.lOD . we get 


|(^| *|-u'if(i(^ + / V{0)\uifdx= / f{ui)uidx. 


( 11 . 10 ) 
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Thereby, 


On the other hand, 


which leads to 


Jxymiui) > mA(ld(0)) > mA(co). 




mxico) = Jxyio){ui), 


obtaining a contradiction. 


III. A SPECIAL MINIMAX LEVEL 


In order to prove the Theorem II.11 we will consider a special minimax level. The 


construction involves the barycenter function used in 

r X 


^ , see also [ij, ll7| , given by 


\u\ dx 


P{n) = 


/RJV |X| 


Vn e H^(R^)\{0}. 


lur dx 


For each 2; G M and e > 0, let us define the function 




where > 0 is such that G Af^, and Uq G is a radial positive ground state 

solution uo G for Jx.cq, that is, 

Jx,co{uo) = mx{co) and Ta.co(“o) = 0 , 

whose the existence was guaranteed in Lemma [11.31 

We establish several properties involving j3 and (j)e,z- 


Lemma III.l. For each r > 0, lim sup 

£^•0 ' 


m,.) - 


z\> r> \ = 0. 


Proof. It is enough to show that for any (zn) with \zn\ > r and e„ —>■ 0, we have that 

/3(0£.,.J - ^ 


—0 as n —)■ +00. 
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By change variable, 




Since for each x G 


S~ -^71 


e„x + z„ 


/ 


r dx 

1 ^ 1 \ 


/ \uo\^dx 


JRN 


Zn 

—)■ 0 as n —)■ +CX 0 , 


applying the Lebesgue dominated convergence Theorem, we get 

[ \uoix)\^dx^O. 

This proves the lemma. 

As an immediate consequence, we have 
Corollary III.l. Fixed r > 0, there is eo > 0 such that 

(/9(</'e,2),-z) > 0, V|z| > r and VeG(0,eo). 


Dehne now the set 

Be = {u & Me : fdiu) ^ 

Note that Be 7^ 0, because (pefl = 0 G F, for all e > 0. Associated with the above set, dehne 
the real number De given by 

De = inf leiu). 

U&Be 

Next lemma establishes an important relation between De and m\{co)- 

Lemma III.2. 

(a) There exist eo,cT > 0 such that 

De>mx{cQ) + a, VeG(0,cr). 

(b) limsup sup leMM C < 2mA(co) - a. 

€^0 [xGV J 

(c) There exist cq, i? > 0 such that 

leiMx) < ^("iA(co) + De), Vc G (0, Cq) and Vx G dBniO) n X. 
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Proof. Proof of (a), From definition of we know that 

De > mx{co), Ve > 0. 

Supposing by contradiction that the lemma does not hold, there exists t 0 such that 

-)■ mA(co) as n -)■ +oo. 

Hence, there exists G A/"e„, with I3{un) G H, satisfying 

hr,{un) -t mA(co) as n -)■ +cx). 


Thereby, by Lemma HhTl there exist ui G iL*(M^)\{0} and (zn) C with liminf \€nZn\ > 0 

n—>-+oo 

verifying 

Uni- + Zn)^Ui in 


that is, 

Un = Ui{- — Zn) + Wn with Wn ^ 0 ill 
From dehnition of /3, 


€nX T Cri'^n i |2 


/3{Ui{- - Zn)) = 


€nX dn^n 


Ui\ dx 


ItiiP dx 


Repeating the same arguments explored in the proof of Lemma IIII.ll fsee also 0). 
that 


we see 


and so. 


/5(til(- - Zn)) = + On(l), 


(5{Un) = - Zn)) + On(l) = vA + 0„(1). 

^n. 


Since I3{un) G H, we infer that G 1 a for n large enough. Consequently, Zn G 1a for n 
large enough, implying that 

liminf l/(enZn) > Cq. 

n^oo 

Making A = {dnZn), the last inequality together with Fatous’s Lemma yields 

n^oo 

mA(co) = liminf hS^n) > ^a,a(wi) > mx{A) > mxico), 
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which is an absurd, recalling that = 0 and Ui 0. 

Proof of (b). Using condition (V4) , since uq is a ground state solution associated with /cq, 
we deduce that there is eo > 0 such that 

3 3 

sup /e(0e,x) < 4o(“o) + T^co(wo) = rnx{co) + -mx{co) < 2mA(co), Ve e (0, eo). 

x&X o 0 

Proof of (c). From (Ui), given 5 > 0, there are i?, eo > 0 such that 

sup{U(0e,x) : X e dBRiff) n X} < mA(co) + 5 Ve e (0, eo). 

Fixing 5 = j, where cr was given in (a), we have that 

sup{U(0,,,r) : X e 9S/j(0) n X} < ^ (2mx{co) + 0 < ^("iA(co) + A) Ve e (0, eo). 


Now, we are ready to show the minimax level. Define the map : X —)■ as 

= 4>t,x- Denoting by P the cone of nonnegative functions of iV®(R^), let us consider the 
set 

S = {$£ : a; e X, |a:| < R} C P, 

the class of functions 

■H = |/i e C{P n A4, P ■ h{u) = u, if I^{u) < -{mx{co) + D^) 

and finally the class of sets 

V = {A^PnMe : A = /i(S), heH}. 

Lemma III.3. //A G F, then A n 7 ^ 0 for all e > 0. 

Proof. It is enough to show that for all h ePL, there is x* G X with |x*| < R such that 

/3(h(<F,(x,))) G U. 

For each h & R, we set the function g : —)■ given by 

g{x) = /5(h($e(x))) Vx G M'^, 
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and the homotopy : [0,1] x X —)■ X as 

^■(t, x) = tPx(g(x)) + (1 - t)x, 

where Px is the projection onto X = {(x,0) : x G M'^}. By using Corollary IIII.ll hxed 
i? > 0 and e > 0 small enough, we have that 

x)),x) > 0, V(t, x) G [0,1] X (dBji n X). 

Using the homotopy invariance property of the Topological degree, we derive 

d{g, Br n X, 0) = 1, 

implying that there exists x* G Br fl X such that /3(/i(<he(x*))) = 0. ■ 

Now, dehne the min-max value 


From Lemma [III. 31 


Ce = inf supU(m). 


Ce>D^> mA(co) + a. 


for e is small enough. On the other hand. 


(III.l) 


C, < sup4(0e,x), Ve > 0. 


x^X 


Then, by Lemma [III.2lf bL if e is small enough 


(7, < sup h{<t)e,x) < 2mA(co) - cr- 

x&X 


( 111 . 2 ) 


From fllll.ip and flIIL2D . there is cq > 0 such that 


G (mA(co) + a, 2mx{co) - a), Ve G (0, Cq). 


(IIL3) 


Now, we can use standard min-max arguments to conclude that U has at least a critical 
point in F n AAc if e is small enough. 
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IV. FINAL COMMENTS 

The same approach used in the present paper can be used to prove the existence of 
solution for problems with subcritical growth like 


e^^{—Ayu + V{z)u = f{u) in 


aN 


To do this, it is enough to assume that / verifies the following conditions: 

(/i) limM = o. 

s^O S 

(/ 2 ) There is 6* > 2 such that 


0 < 9F{s) '=9 f{t)dt < s/(s), for all s G M \ {0}. 

Jo 


f (s^ 

(/s) The function s —)■- - is strictly increasing in |s| > 0. 


Related to function V we assume (Vi) —(V 4 ), however (V 4 ) must be written of the following 
way 


(V^4) 


m{V{0)) > 2m(co) and ci < 


' 3/1 1 

^+5(2“e 


Co- 
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